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$EVWUDFW
A logic based on the two truth values 7UXH and )DOVH is sometimes inadequate when
describing human reasoning. Fuzzy logic uses the whole interval between 0 ()DOVH ) and 1
(7UXH ) to describe human reasoning. As a result, fuzzy logic is being applied in rule based
automatic controllers, and this paper is part of a course for control engineers.
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Figure 1: Process diagram of a feed-tank.



,QWURGXFWLRQ

A fuzzy controller, in a cement plant for example, aims to mimic the operator’s terms by
means of fuzzy logic. To illustrate, consider the tank in Fig. 1, which is for feeding a cement
mill such that the feed flow is more or less constant. The simplified design in the figure
consists of a tank, two level sensors, and a magnetic valve. The objective is to control the
valve Y4 , such that the tank is refilled when the level is as low as OO, and stop the refilling
when the level is as high as OK. The sensor OO is 4 when the level is above the mark, and
3 when the level is below; likewise with the sensor OK. The valve opens when Y4 is set
to 4, and it closes when Y4 is set to 3. In two-valued (Boolean) logic the controller can be
described


4> li OO vzlwfkhv i urp 4 wr 3
(1)
Y4 @
3> li OK vzlwfkhv iurp 3 wr 4
An operator, whose responsibility is to open and close the valve, would perhaps describe
the control strategy as:
Li wkh ohyho lv orz wkhq rshq Y4
Li wkh ohyho lv kljk wkhq forvh Y4

(2)

The former strategy (1) is suitable for a Programmable Logic Controller (PLC) using
Boolean logic, and the latter (2) is suitable for a fuzzy controller using fuzzy logic. Our aim
here is not to give implementation details of the latter, but to use the example to explain the
underlying fuzzy logic.
Lotfi Zadeh, the father of fuzzy logic, claimed that many VHWV in the world that surrounds us are defined by a non-distinct boundary. Indeed, the VHW RI KLJK PRXQWDLQV, or, the
VHW RI ORZ OHYHO PHDVXUHPHQWV in Fig 1 are examples of such sets. Zadeh decided to extend two-valued logic, defined by the binary pair i3> 4j > to the whole continuous interval
^3> 4` > thereby introducing a gradual transition from falsehood to truth. The original and
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Figure 2: Possible definition of the set KLJK OHYHOV in the tank in Fig. 1.
pioneering papers on fuzzy sets by Zadeh (HJ, 1965, 1973, 1975) explain the theory of
fuzzy sets that result from the extension as well as a fuzzy logic based on the set theory.
Primary references can be found conveniently in a book with 18 selected papers by Zadeh
(Yager, Ovchinnikov, Tong & Nguyen, 1987). For a thorough introduction to the theory,
Zadeh in his article in ,((( 6SHFWUXP (Zadeh, 1984) recommends the book by Kaufmann
(1975). A more recent introduction to fuzzy set theory and its applications is the book by
Zimmermann (1993) which is easy to read. Specific questions or definitions can be looked
up in the 6\VWHPV DQG &RQWURO (QF\FORSHGLD (Singh, 1987; 1990; 1992). The book has a
large collection of articles on control concepts in general, and fuzzy control in particular.
Here we will focus on the fuzzy set theory underlying (2), and present the basic definitions and operations. Please be aware that the interpretation of fuzzy set theory in the
following is just one of several possible; Zadeh and other authors have suggested alternative definitions. Throughout, letters denoting matrices are in bold upper case, for example
$; vectors are in bold lower case, for example [; scalars are in italics, for example Q ; and
operations are in bold, for example PLQ.



)X]]\ 6HWV

Fuzzy sets are a further development of the mathematical concept of a set. Sets were first
studied formally by the German mathematician Georg Cantor (1845-1918). His theory of
sets met much resistance during his lifetime, but nowadays most mathematicians believe it
is possible to express most, if not all, of mathematics in the language of set theory. Many
researchers are looking at the consequences of ’fuzzifying’ set theory, and much mathematical literature is the result. For control engineers, fuzzy logic and fuzzy relations are the
most important in order to understand how fuzzy rules work.
&RQYHQWLRQDO VHWV
A VHW is any collection of objects which can be treated as a whole.
Cantor described a set by its members, such that an item from a given universe is either
a member or not. The terms VHW, FROOHFWLRQ and FODVV are synonyms, just as the terms
LWHP, HOHPHQW and PHPEHU. Almost anything called D VHW in ordinary conversation is an
acceptable set in the mathematical sense, cf. the next example.

3

([DPSOH  VHWV 7KH IROORZLQJ DUH ZHOO GHILQHG OLVWV RU FROOHFWLRQV RI REMHFWV DQG WKHUH
IRUH HQWLWOHG WR EH FDOOHG vhwv
D 7KH VHW RI QRQQHJDWLYH LQWHJHUV OHVV WKDQ  7KLV LV D ILQLWH VHW ZLWK IRXU PHPEHUV
   DQG 
E 7KH VHW RI OLYH GLQRVDXUV LQ WKH EDVHPHQW RI WKH %ULWLVK 0XVHXP 7KLV VHW KDV QR
PHPEHUV DQG LV FDOOHG DQ hpsw| VHW
F 7KH VHW RI PHDVXUHPHQWV JUHDWHU WKDQ  YROWV (YHQ WKRXJK WKLV VHW LV LQILQLWH LW LV
SRVVLEOH WR GHWHUPLQH ZKHWKHU D JLYHQ PHDVXUHPHQW LV D PHPEHU RU QRW
A set can be specified by its members, they characterize a set completely. The list of
members D @ i3> 4> 5> 6j specifies a finite set. Nobody can list all elements of an LQILQLWH
set, we must instead state some property which characterizes the elements in the set, for
instance the predicate { A 43. That set is defined by the elements of the universe of
discourse which make the predicate true. So there are two ways to describe a set: explicitly
in a list or implicitly with a predicate.
)X]]\ VHWV Following Zadeh many sets have more than an HLWKHURU criterion for membership. Take for example the set of \RXQJ SHRSOH. A one year old baby will clearly be a
member of the set, and a 100 years old person will not be a member of this set, but what
about people at the age of 20, 30, or 40 years? Another example is a weather report regarding high temperatures, strong winds, or nice days. In other cases a criterion appears
nonfuzzy, but is perceived as fuzzy: a speed limit of 60 kilometres per hour, a check-out
time at 12 noon in a hotel, a 50 years old man. Zadeh proposed a JUDGH RI PHPEHUVKLS,
such that the transition from membership to non-membership is gradual rather than abrupt.
The grade of membership for all its members thus describes a fuzzy set. An item’s grade
of membership is normally a real number between 0 and 1, often denoted by the Greek letter
. The higher the number, the higher the membership (Fig. 2). Zadeh regards Cantor’s set
as a special case where elements have full membership, l=h=,  @ 4. He nevertheless called
Cantor’s sets QRQIX]]\ ; today the term FULVS set is used, which avoids that little dilemma.
Notice that Zadeh does not give a formal basis for how to determine the grade of membership. The membership for a 50 year old in the set \RXQJ depends on one’s own view.
The grade of membership is a precise, but subjective measure that depends on the context.
A fuzzy membership function is different from a statistical probability distribution. This
is illustrated next in the so-called egg-eating example.
([DPSOH  3UREDELOLW\ YV SRVVLELOLW\
=DGHK LQ =LPPHUPDQQ  &RQVLGHU WKH VWDWH
PHQW µµ+DQV DWH [ HJJV IRU EUHDNIDVW¶¶ ZKHUH [ 5 X @ i4> 5> ===> ;j :H PD\ DVVRFLDWH D
SUREDELOLW\ GLVWULEXWLRQ s E\ REVHUYLQJ +DQV HDWLQJ EUHDNIDVW IRU  GD\V
X
s

@ ^ 4 5 6 7 8 9 : ; `
@ ^ =4 =; =4 3 3 3 3 3 `

$ IX]]\ VHW H[SUHVVLQJ WKH JUDGH RI HDVH ZLWK ZKLFK +DQV FDQ HDW [ HJJV PD\ EH WKH IRO
ORZLQJ VRFDOOHG srvvlelolw| glvwulexwlrq >
X


@ ^ 4 5 6 7 8 9 : ; `
@ ^ 4 4 4 4 =; =9 =7 =5 `
4
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Figure 3: The sets PRUH RU OHVV ROG, YHU\ \RXQJ, and QRW YHU\ \RXQJ are derived from \RXQJ
and ROG.
:KHUH WKH SRVVLELOLW\ IRU [ @ 6 LV 4 WKH SUREDELOLW\ LV RQO\ 3=4
The example shows, that a possible event does not imply that it is probable. However,
if it is probable it must also be possible. You might view a fuzzy membership function as
your personal distribution, in contrast with a statistical distribution based on observations.



8QLYHUVH

Elements of a fuzzy set are taken from a XQLYHUVH RI GLVFRXUVH or XQLYHUVH for short. The
universe contains all elements that can come into consideration. Even the universe depends
on the context, as the next example shows.
([DPSOH  XQLYHUVH
D 7KH VHW RI |rxqj shrsoh FRXOG KDYH DOO KXPDQ EHLQJV LQ WKH
ZRUOG DV LWV XQLYHUVH $OWHUQDWLYHO\ LW FRXOG EH WKH QXPEHUV EHWZHHQ 3 DQG 433 WKHVH ZRXOG
WKHQ UHSUHVHQW DJH )LJ 3 
E 7KH VHW {
43 { PXFK JUHDWHU WKDQ 43 FRXOG KDYH DV D XQLYHUVH DOO SRVLWLYH
PHDVXUHPHQWV
An application of the universe is to suppress faulty measurement data, for example
negative values for the level in our tank example.
In case we are dealing with a non-numerical quantity, for instance WDVWH, which cannot
be measured against a numerical scale, we cannot use a numerical universe. The elements
are then said to be taken from a SV\FKRORJLFDO FRQWLQXXP ; an example of such a universe
could be ielwwhu> vzhhw> vrxu> vdow> krw> ===j=



0HPEHUVKLS IXQFWLRQ

Every element in the universe of discourse is a member of the fuzzy set to some grade,
maybe even zero. The set of elements that have a non-zero membership is called the VXSSRUW
of the fuzzy set. The function that ties a number to each element { of the universe is called
the PHPEHUVKLS IXQFWLRQ +{,.
5

&RQWLQXRXV $QG 'LVFUHWH 5HSUHVHQWDWLRQV There are two alternative ways to represent
a membership function in a computer: continuous or discrete. In the continuous form
the membership function is a mathematical function, possibly a program. A membership
function is for example bell-shaped (also called a FXUYH ), s-shaped (called an VFXUYH ),
a reverse VFXUYH (called ]FXUYH ), triangular, or trapezoidal. There is an example of an v
FXUYH in Fig. 2. In the discrete form the membership function and the universe are discrete
points in a list (vector). Sometimes it can be more convenient with a sampled (discrete)
representation.
As a very crude rule of thumb, the continuous form is more CPU intensive, but less
storage demanding than the discrete form.
([DPSOH  FRQWLQXRXV $ frvlqh IXQFWLRQ FDQ EH XVHG WR JHQHUDWH D YDULHW\ RI PHP
EHUVKLS IXQFWLRQV 7KH v0fxuyh FDQ EH LPSOHPHQWHG DV
<
;
A
A
@
? 3

 > { ? {o
{{u
4
4
(3)
. 5 frv {u {o 
> {o  {  {u
v+{o > {u > {, @
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A
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=
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> { A {u
ZKHUH {o LV WKH OHIW EUHDNSRLQW DQG {u LV WKH ULJKW EUHDNSRLQW 7KH }0fxuyh LV MXVW D UHIOHF
WLRQ
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> { A {u
7KHQ WKH 0fxuyh FDQ EH LPSOHPHQWHG DV D FRPELQDWLRQ RI WKH v0fxuyh DQG WKH }0fxuyh
VXFK WKDW WKH SHDN LV IODW RYHU WKH LQWHUYDO ^{5 > {6 `>
+{4 > {5 > {6 > {7 > {, @ plq+v+{4 > {5 > {,> }+{6 > {7 > {,,

(5)

)LJXUH 2 ZDV GUDZQ XVLQJ +43> <3> 433> 433> {,=
([DPSOH  GLVFUHWH 7R JHW D GLVFUHWH UHSUHVHQWDWLRQ HTXLYDOHQW WR )LJ 2 DVVXPH WKH
XQLYHUVH X LV UHSUHVHQWHG E\ D QXPEHU RI VDPSOHV VD\


X @ 3 53 73 93 ;3 433
,QVHUWLRQ UHVXOWV LQ WKH FRUUHVSRQGLQJ OLVW RI PHPEHUVKLS YDOXHV
+43> <3> 433> 433> X4 , @ 3
+43> <3> 433> 433> X5 , @ 3=37
+43> <3> 433> 433> X6 , @ 3=64
+43> <3> 433> 433> X7 , @ 3=9<
+43> <3> 433> 433> X8 , @ 3=<9
+43> <3> 433> 433> X9 , @ 4
RU IRU VKRUW
+43> <3> 433> 433> X, @



3

3=37

6

3=64

3=9<

3=<9

4



1RUPDOLVDWLRQ
A fuzzy set is QRUPDOLVHG if its largest membership value equals 4.
You normalise by dividing each membership value by the largest membership in the set,
D@PD[+D,.



6LQJOHWRQV

Strictly speaking, a fuzzy set D is a collection of ordered pairs
D @ i+{> +{,,j

(6)

Item { belongs to the universe and +{, is its grade of membership in D. A single pair
+{> +{,, is called a fuzzy VLQJOHWRQ ; thus the whole set can be viewed as the union of its
constituent singletons. It is often convenient to think of a set D just as a vector
D @ ++{4 ,> +{5 ,> = = = > +{q ,,
It is understood then, that each position l +4> 5> = = = > q, corresponds to a point in the universe
of q points.



/LQJXLVWLF YDULDEOHV

Just like an algebraic variable takes numbers as values, a OLQJXLVWLF YDULDEOH takes words
or sentences as values (Zadeh in Zimmermann, 1991). The set of values that it can take
is called its WHUP VHW. Each value in the term set is a IX]]\ YDULDEOH defined over a EDVH
YDULDEOH. The base variable defines the universe of discourse for all the fuzzy variables in
the term set. In short, the hierarchy is as follows: linguistic variable $ fuzzy variable $
base variable.
([DPSOH  WHUP VHW /HW { EH D OLQJXLVWLF YDULDEOH ZLWK WKH ODEHO µµ$JH¶¶ 7HUPV RI WKLV
OLQJXLVWLF YDULDEOH ZKLFK DUH IX]]\ VHWV FRXOG EH µµROG¶¶ µµ\RXQJ¶¶ µµYHU\ ROG¶¶ IURP WKH WHUP
VHW
W @ iRog> Y hu|Rog> Q rwVrRog> PruhRuOhvv\ rxqj>
Txlwh\ rxqj> Y hu|\ rxqjj
(DFK WHUP LV D IX]]\ YDULDEOH GHILQHG RQ WKH EDVH YDULDEOH ZKLFK PLJKW EH WKH VFDOH IURP
 WR  \HDUV
3ULPDU\ WHUPV
A SULPDU\ WHUP is a term or a set that must be defined a priori, for
example <RXQJ and 2OG in Fig. 3, whereas the sets 9HU\<RXQJ and 1RW<RXQJ are modified
sets.



7DQN /HYHO ([DPSOH

We have now come a little closer to the representation of a fuzzy control rule. In the premise
Li wkh ohyho lv orz>
clearly ORZ is a fuzzy variable, a value of the linguistic variable OHYHO. The term ORZ can be
represented in the computer as a vector ORZ. It is defined on a universe, which is the range
7
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Figure 4: Two terms defining KLJK tank levels (solid) and ORZ tank levels (dashed).
of the expected values of OHYHO, i.e., the interval ^3> 433` percent full. The measurement
OHYHO is a scalar, and the statement OHYHO LV ORZ looks up the membership value ORZ(l),
where OHYHO is rounded to the nearest element in the universe to find the appropriate index
l. The outcome is a number  @ ^3> 4` telling how well the premise is fulfilled. Figure 4
suggests a possible definition of the term set iorz> kljkj for the tank level problem.



2SHUDWLRQV 2Q )X]]\ 6HWV

The membership function is obviously a crucial component of a fuzzy set. It is therefore
natural to define operations on fuzzy sets by means of their membership functions.



6HW RSHUDWLRQV

In fact a fuzzy VHW RSHUDWLRQ creates a new set from one or several given sets (Fig. 5). For
example, given the sets D and E the intersection is a new fuzzy set with its own membership
function.
'HILQLWLRQ  VHW RSHUDWLRQV /HW D DQG E EH IX]]\ VHWV RQ D PXWXDO XQLYHUVH
D 7KH LQWHUVHFWLRQ RI D DQG E LV
D _ E  D PLQ E
7KH RSHUDWLRQ PLQ LV DQ LWHPE\LWHP PLQLPXP FRPSDULVRQ EHWZHHQ FRUUHVSRQGLQJ LWHPV
LQ D DQG E=
E 7KH XQLRQ RI D DQG E LV
D ^ E  D PD[ E
ZKHUH PD[ LV DQ LWHPE\LWHP PD[LPXP RSHUDWLRQ
F 7KH FRPSOHPHQW RI D LV
D4D
ZKHUH HDFK PHPEHUVKLS YDOXH LQ D LV VXEWUDFWHG IURP 
A fuzzy set [ is a IX]]\ VXEVHW of the set \ , written [  \> if its membership function is
less than or equal to the membership function of \ . In Fig. 5 we have +D _ E,  +D ^ E, =
8
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Figure 5: The three primitive set operations.
([DPSOH  EX\ D KRXVH
=LPPHUPDQQ   $ IRXUSHUVRQ IDPLO\ ZDQWV WR EX\ D
KRXVH $Q LQGLFDWLRQ RI KRZ FRPIRUWDEOH WKH\ ZDQW WR EH LV WKH QXPEHU RI EHGURRPV LQ
WKH KRXVH %XW WKH\ DOVR ZDQW D ODUJH KRXVH /HW X @ +4> 5> 6> 7> 8> 9> :> ;> <> 43, EH WKH
VHW RI DYDLODEOH KRXVHV GHVFULEHG E\ WKHLU QXPEHU RI EHGURRPV 7KHQ WKH IX]]\ VHW F IRU
Frpiruwdeoh PD\ EH GHVFULEHG DV


F @ 3=5 3=8 3=; 4 3=: 3=6 3 3 3 3
/HW O EH WKH IX]]\ VHW Odujh GHILQHG DV

O @ 3 3 3=5 3=7

3=9

3=;

7KH LQWHUVHFWLRQ RI Frpiruwdeoh DQG Odujh LV WKHQ

F _ O @ 3 3 3=5 3=7 3=9 3=6

4

4
3

4
3

4
3



3



7R LQWHUSUHW WKLV ILYH EHGURRPV LV RSWLPDO EXW RQO\ VDWLVIDFWRU\ WR WKH JUDGH  7KH VHFRQG
EHVW VROXWLRQ LV IRXU EHGURRPV
7KH XQLRQ RI Frpiruwdeoh DQG Odujh LV


F ^ O @ 3=5 3=8 3=; 4 3=: 3=; 4 4 4 4
+HUH IRXU EHGURRPV LV IXOO\ VDWLVIDFWRU\  EHFDXVH LW LV FRPIRUWDEOH DQG  EHGURRPV
DOVR EHFDXVH WKDW ZRXOG PHDQ D ODUJH KRXVH 7KH FRPSOHPHQW RI Odujh LV


O @ 4 4 3=; 3=9 3=7 3=5 3 3 3 3
The operations ^ and _ associate, commute and more (Table 1). These properties are
important, because they help to predict the outcome of long sentences.
Other definitions of the primitive operations are possible, but using PD[ and PLQ is
most common.



0RGLILHUV

A linguistic PRGLILHU, is an operation that modifies the meaning of a term. For example, in
the sentence ‘‘very close to 0’’, the word YHU\ modifies &ORVH WR  which is a fuzzy set. A
modifier is thus an operation on a fuzzy set. Examples of other modifiers are D OLWWOH, PRUH
9

Property
D^E @E^D
D_E @E_D
+D ^ E, ^ F @ D ^ +E ^ F,
+D _ E, _ F @ D _ +E _ F,
D _ +E ^ F, @ +D _ E, ^ +D _ F,
D ^ +E _ F, @ +D ^ E, ^ +D ^ F,
D_E @D^E
D^E @D_E
+D _ E, ^ D @ D
+D ^ E, _ D @ D
D^D @D
D_D @D
D ^ D 9@ 4
D _ D 9@ 3

Name
&RPPXWDWLYH
&RPPXWDWLYH
$VVRFLDWLYH
$VVRFLDWLYH
'LVWULEXWLYH
'LVWULEXWLYH
'H0RUJDQ
'H0RUJDQ
$EVRUSWLRQ
$EVRUSWLRQ
,GHPSRWHQF\
,GHPSRWHQF\
([FOXVLRQ QRW satisfied
([FOXVLRQ QRW satisfied

Table 1: Properties of the primitive operations
RU OHVV, SRVVLEO\, and GHILQLWHO\.
Even though it is difficult precisely to say what effect the modifier YHU\ has, it does
have an intensifying effect. The modifier PRUH RU OHVV or PRUO for short, has the opposite
effect. They are often approximated by the operations
4

YHU\ D  D5 > PRUO D  D 5
The power function applies to each vector element of D in turn. Here we have limited
ourselves to squaring and square root, but any power function may be used. On discrete
form, we might have a universe X @ +3> 53> 73> 93> ;3,= Given the set


\RXQJ @ 4 3=9 3=4 3 3
then we can derive the discrete membership function for the set YHU\ \RXQJ by squaring all
elements,


\RXQJ 5 @ 4 3=69 3=34 3 3
The set YHU\ YHU\ \RXQJ is by induction,


\RXQJ 7 @ 4 3=46 3 3 3
The derived sets inherit the universe of the primary set. The plots in Fig. 3 were generated
using these definitions. Some examples of other modifiers are
H[WUHPHO\ D @ D6
4
VOLJKWO\ D @ D 6
VRPHZKDW D @ PRUHRUOHVV D DQG QRW VOLJKWO\ D
A whole family of modifiers is generated by Ds where s is any power between zero and
infinity. With s @ 4 the modifier could be named H[DFWO\, because it would suppress all
memberships lower than 1.0.

10



5HODWLRQV %HWZHHQ 6HWV

In any fuzzy controller, relationships among objects play a fundamental role. Some relations concern elements within the same universe: one measurement is larger than another,
one event occurred earlier than another, one element resembles another, etc. Other relations
concern elements from disjoint universes: the measurement is large and its rate of change
is positive, the {-coordinate is large and the |-coordinate is small, for example. These examples are relationships between two objects, but in principle we can have relationships
which hold for any number of objects.
Formally, a ELQDU\ UHODWLRQ or simply a UHODWLRQ U from a set D to a set E assigns to
each ordered pair +d> e, 5 D  E exactly one of the following statements: (i)’’a is related
to b’’, or (ii) ’’a is not related to b’’. The Cartesian product D  E is the set of all possible
combinations of the items of D and E. A IX]]\ UHODWLRQ from a set D to a set E is a fuzzy
subset of the Cartesian product X  Y between their respective universes X and Y .
Assume for example that Donald Duck’s nephew Huey resembles Dewey to the grade
0.8, and Huey resembles Louie to the grade 0.9. We have therefore a relation between to
subsets of the nephews in the family. This is conveniently represented in a matrix (with one
row),
Dewey Louie
54 @
Huey 0.8
0.9
&RPSRVLWLRQ In order to show how two relations can be combined let us assume another
relation between Dewey and Louie on the one side, and Donald Duck on the other,
55 @ Dewey
Louie

Donald
0.5
0.6

It is tempting to try and find out how much Huey resembles Donald by combining the
information in the two matrices:
(i) Huey resembles (0.8) Dewey, and Dewey resembles (0.5) Donald, or
(ii) Huey resembles (0.9) Louie, and Louie resembles (0.6) Donald.
Statement (i) contains a chain of relationships, and it seems reasonable to combine them
with an LQWHUVHFWLRQ operation. With our definition, this corresponds to choosing the weakest membership value for the (transitive) Huey-Donald relationship, l=h, 0.5. Similarly with
statement (ii). Performing the operation along each chain in (i) and (ii), we get
(iii) Huey resembles (0.5) Donald, or
(iv) Huey resembles (0.6) Donald.
Both (iii) and (iv) seem equally valid, so it seems reasonable to apply the XQLRQ operation. With our definition, this corresponds to choosing the strongest relation, l=h=, the
maximum membership value. The final result is

11

(v) Huey resembles (0.6) Donald
The general rule when combining or FRPSRVLQJ fuzzy relations, is to pick the minimum
fuzzy value in a ’series connection’ and the maximum value in a ’parallel connection’. It
is convenient to do this with an LQQHU SURGXFW.
The inner product is similar to an ordinary matrix (dot) product, except multiplication
is replaced by LQWHUVHFWLRQ +_, summation by XQLRQ +^, = Suppose 5 is an p  s and 6 is
a s  q matrix. Then the inner ^=_ product is an p  q matrix 7@ +wlm , whose LM -entry
is obtained by combining the L th row of 5 with the M th column of 6, such that
s
^
uln _ vnm
(7)
wlm @ +ul4 _ v4m , ^ +ul5 _ v5m , ^ = = = ^ +uls _ vsm , @
n@4

As a notation for the generalised inner product, we shall use I.J, where I and J are any
functions that take two arguments, in this case ^ and _.With our definitions of the set
operations, composition reduces to what is called PD[PLQ FRPSRVLWLRQ in the literature
(Zadeh in Zimmermann, 1991).
If 5 is a relation from D to E and 6 is a relation from E to F, then the composition of 5
and 6 is a relation from D to F (transitive law).

)RU WKH WDEOHV 54 DQG 55 DERYH ZH JHW
^

  @ 3=9
@
54 ^ = _ 55 @   ^ = _


([DPSOH  LQQHU SURGXFW

ZKLFK DJUHHV ZLWK WKH SUHYLRXV UHVXOW
The PD[PLQ composition is distributive with respect to XQLRQ,
+5 ^ 7, ^ = _ 6 @ +5 ^ = _ 6, ^ +7 ^ = _ 6,>
but not with respect to LQWHUVHFWLRQ. Sometimes the PLQ operation in PD[PLQ FRPSRVLWLRQ
is substituted by for multiplication; then it is called PD[VWDU FRPSRVLWLRQ.



)X]]\ /RJLF

Logic started as the study of language in arguments and persuasion, and it may be used
to judge the correctness of a chain of reasoning, in a mathematical proof for example. In
WZRYDOXHG ORJLF a proposition is either WUXH or IDOVH, but not both. The ’’truth’’ or ’’falsity’’
which is assigned to a statement is its WUXWKYDOXH. In IX]]\ ORJLF a proposition may be true
or false or have an intermediate truth-value, such as PD\EH WUXH. The sentence WKH OHYHO
LV KLJK is an example of such a proposition in a fuzzy controller. It may be convenient to
restrict the possible truth values to a discrete domain, say i3> 3=8> 4j for IDOVH, PD\EH WUXH,
and WUXH ; in that case we are dealing with PXOWLYDOXHG logic. In practice a finer subdivision
of the unit interval may be more appropriate.
12



&RQQHFWLYHV

In daily conversation and mathematics, sentences are connected with the words DQG, RU,
LIWKHQ (or LPSOLHV , and LI DQG RQO\ LI. These are called FRQQHFWLYHV. A sentence which
is modified by the word ’’not’’ is called the QHJDWLRQ of the original sentence. The word
’’and’’ is used to join two sentences to form the FRQMXQFWLRQ of the two sentences. Similarly
a sentence formed by connecting two sentences with the word ’’or’’ is called the GLVMXQFWLRQ
of the two sentences. From two sentences we may construct one of the form ’’If ... then
...’’; this is called a FRQGLWLRQDO sentence. The sentence following ’’If’’ is the DQWHFHGHQW,
and the sentence following ’’then’’ is the FRQVHTXHQW. Other idioms which we shall regard
as having the same meaning as ’’If S, then T ’’ (where S and T are sentences) are ’’S implies
T ’’, ’’S only if T ’’, ’’T if S ’’, etc. The words ’’if and only if ’’ are used to obtain from two
sentences a ELFRQGLWLRQDO sentence.
By introducing letters and special symbols, the connective structure can be displayed
in an effective manner. Our choice of symbols is as follows
=
a
b
,
/

for ’’not’’
for ’’and’’
for ’’or’’
for ’’if-then’’
for ’’if and only if ’’

The next example illustrates how the symbolic forms can provide a quick overview.
([DPSOH  EDVHEDOO

&RQVLGHU WKH VHQWHQFH

If either the Pirates or the Cubs lose and the Giants win, then the Dodgers will be
out of first place, and I will lose a bet.
,W LV D FRQGLWLRQDO VR LW PD\ EH V\PEROLVHG LQ WKH IRUP u , v= 7KH DQWHFHGHQW LV
FRPSRVHG IURP WKH WKUHH VHQWHQFHV s ¶¶7KH 3LUDWHV ORVH¶¶  f ¶¶7KH &XEV ORVH¶¶  DQG j
¶¶7KH *LDQWV ZLQ¶¶  7KH FRQVHTXHQW LV WKH FRQMXQFWLRQ RI g ¶¶7KH 'RGJHUV ZLOO EH RXW
RI ILUVW SODFH¶¶ DQG e ¶¶, ZLOO ORVH D EHW¶¶  7KH RULJLQDO VHQWHQFH PD\ EH V\PEROLVHG E\
++s b f, a j, , +g a e,=
The possible truth-values of a statement can be summarised in a WUXWKWDEOH. Take for
example the truth-table for the two-valued proposition s b t. The usual form (below, left)
lists all possible combinations of truth-values, i.e., the Cartesian product, of the arguments
s and t in the two leftmost columns. Alternatively the truth-table can be rearranged into a
two-dimensional array, a so-called Cayley table (below, right).
s
3
3
4
4

t
3
4
3
4

sbt
3
4
4
4

b
3
4
s

3
3
4

4
4
4

t

The vertical axis carries the possible values of the first argument s, and the horizontal axis
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the possible values of the second argument t. At the intersection of row l and column m
is the truth value of the expression sl b tm . The truth-values on the axes of the Cayley
table can be omitted since, in the two-valued case, these are always 3 and 4> and in that
order. Truth-tables for binary connectives are thus given by two-by-two matrices, where it
is understood that the first argument is associated with the vertical axis and the second with
the horizontal axis. A total of 16 such two-by-two tables can be constructed, and each has
been associated with a connective.
It is possible to evaluate, in principle at least, a logic statement by an exhaustive test
of all combinations of truth-values of the variables, cf. the so-called DUUD\ EDVHG ORJLF
(Franksen, 1979). The next example illustrates an application of array logic.

([DPSOH  DUUD\ ORJLF ,Q WKH EDVHEDOO H[DPSOH ZH KDG ++s b f, a j, , +g a e,= 7KH
VHQWHQFH FRQWDLQV ILYH YDULDEOHV DQG HDFK YDULDEOH FDQ WDNH RQO\ WZR WUXWKYDOXHV 7KLV
LPSOLHV 58 @ 65 SRVVLEOH FRPELQDWLRQV 2QO\ 56 DUH OHJDO KRZHYHU LQ WKH VHQVH WKDW WKH
VHQWHQFH LV YDOLG WUXH IRU WKHVH FRPELQDWLRQV DQG 65  56 @ < FDVHV DUH LOOHJDO WKDW LV
WKH VHQWHQFH LV IDOVH IRU WKRVH SDUWLFXODU FRPELQDWLRQV $VVXPLQJ WKDW ZH DUH LQWHUHVWHG
RQO\ LQ WKH OHJDO FRPELQDWLRQV IRU ZKLFK L zlq wkh ehw +e @ 3, WKHQ WKH IROORZLQJ WDEOH
UHVXOWV
s f j g e
    
    
    
    
    
    
    
    
    
    
7KHUH DUH WKXV 43 ZLQQLQJ RXWFRPHV RXW RI 65 SRVVLEOH

We can make similar truth-tables in fuzzy logic. If we for example start out by defining
negation and disjunction, then we can derive other truth-tables from that. Let us assume
that QHJDWLRQ is defined as the set theoretic complement, i.e. qrw s  4  s, and that
GLVMXQFWLRQ is equivalent to set theoretic union, i.e., s b t  s PD[ t. Then we can find
14

truth-tables for RU, QRU, QDQG, and DQG
Or
sbt
0
0.5 1
0.5 0.5 1
1
1
1

Nor
=+s b t,
1
0.5 0
0.5 0.5 0
0
0
0
(8)

Nand
+=s, b +=t,
1
1
1
1 0.5 0.5
1 0.5
0

And
=++=s, b +=t,,
0
0
0
0 0.5
0.5
0 0.5
1

The two rightmost tables are negations of the left hand tables, and the bottom tables are
reflections along the anti-diagonal (orthogonal to the main diagonal) of the top tables. It
is comforting to realise that even though the truth-table for ’’and’’ is derived from the table
for ’’or’’, the table for ’’and’’ can also be generated using the PLQ operation, in agreement
with the definition for set intersection.
The LPSOLFDWLRQ operator, however, has always troubled the fuzzy theoretic community.
If we define it in the usual way, i.e., s , t  =s b t, then we get a truth-table which is
counter-intuitive and unsuitable, because several logical laws fail to hold.
Many researchers have tried to come up with other definitions; Kiszka, Kochanska &
Sliwinska (1985) list 72 alternatives to choose from. One other choice is the so-called
*|GHO LPSOLFDWLRQ which is better in the sense that more ’’good old’’ (read: two-valued)
logical relationships become valid (Jantzen, 1995). Three examples are +s a t, , s (simplification), ^s a +s , t,` , t (modus ponens), and ^+s , t, a +t , u,` , +s , u,
(hypothetical syllogism). Gödel implication can be written
s , t  +s  t, b t

(9)

The truth-table for equivalence +/, is determined from implication and conjunction, once
it is agreed that s / t is the same as +s , t, a +t , s,=
Equivalence
+s , t, a +t , s,
1
0
0
0
1
0.5
0 0.5
1

Implication
+s  t, b t
1
1
1
0
1
1
0 0.5 1

(10)

Fuzzy array logic can be applied to theorem proving, as the next example will show.
([DPSOH  IX]]\ PRGXV SRQHQV ,W LV SRVVLEOH WR SURYH D ODZ E\ DQ H[KDXVWLYH VHDUFK
RI DOO FRPELQDWLRQV RI WUXWKYDOXHV RI WKH YDULDEOHV LQ IX]]\ ORJLF SURYLGHG WKH GRPDLQ RI
WUXWK YDOXHV LV GLVFUHWH DQG OLPLWHG 7DNH IRU H[DPSOH PRGXV SRQHQV
^s a +s , t,` , t

(11)

7KH VHQWHQFH FRQWDLQV WZR YDULDEOHV DQG OHW XV DVVXPH WKDW HDFK YDULDEOH FDQ WDNH VD\
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WKUHH WUXWKYDOXHV 7KLV LPSOLHV 65 @ < SRVVLEOH FRPELQDWLRQV
s
3
3
3
3=8
3=8
3=8
4
4
4

t
3
3=8
4
3
3=8
4
3
3=8
4

s,t
4
4
4
3
4
4
3
3=8
4

^s a +s , t,`
3
3
3
3
3=8
3=8
3
3=8
4

^s a +s , t,` , t
4
4
4
4
4
4
4
4
4

6LQFH WKH ULJKW FROXPQ LV DOO RQH¶V WKH PRGXV SRQHQV  LV YDOLG HYHQ IRU IX]]\ ORJLF 7KH
VFRSH RI WKH YDOLGLW\ LV OLPLWHG WR WKH FKRVHQ WUXWK GRPDLQ +3> 3=8> 4, WKLV FRXOG EH H[WHQGHG
KRZHYHU DQG WKH WHVW SHUIRUPHG DJDLQ LQ FDVH D KLJKHU UHVROXWLRQ LV UHTXLUHG
([DPSOH  IX]]\ EDVHEDOO :H ZLOO PRGLI\ WKH EDVHEDOO H[DPSOH H[DPSOH  WR VHH
ZKDW GLIIHUHQFH IX]]\ ORJLF PDNHV 7KH VHQWHQFH FRQWDLQV ILYH YDULDEOHV EXW LQ WKH IX]]\
FDVH HDFK YDULDEOH FDQ WDNH VD\ WKUHH WUXWKYDOXHV 7KLV LPSOLHV 68 @ 576 SRVVLEOH FRP
ELQDWLRQV 47; RI WKHVH DUH OHJDO LQ WKH VHQVH WKDW WKH VHQWHQFH LV WUXH WUXWKYDOXH 4 IRU
WKHVH FRPELQDWLRQV 7KHUH DUH RWKHU FDVHV ZKHUH WKHUH LV D 3=8 SRVVLELOLW\ RI ZLQQLQJ WKH
EHW GHSHQGLQJ RQ WKH SRVVLELOLWLHV RI ZLQV DQG ORVVHV RI WKH 'RGJHUV HWF ,I ZH DUH LQWHU
HVWHG DJDLQ LQ WKH FRPELQDWLRQV IRU ZKLFK WKHUH LV VRPH SRVVLELOLW\ WKDW L zlq wkh ehw LH
e 5 i3> 3=8j WKHQ WKHUH DUH ;; SRVVLEOH FRPELQDWLRQV ,QVWHDG RI OLVWLQJ DOO RI WKHP ZH ZLOO
MXVW VKRZ RQH IRU LOOXVWUDWLRQ


+s> f> j> g> e, @      =
The example shows that fuzzy logic provides more solutions and it requires more computational effort than in the case of two-valued logic. This is the price to pay for having
intermediate truth-values describe uncertainty.
Originally, Zadeh interpreted a truth-value in fuzzy logic, for instance 9HU\ WUXH, as a
fuzzy set (Zadeh, 1988). Thus Zadeh based fuzzy (linguistic) logic on treating 7UXWK as
a linguistic variable that takes words or sentences as values rather than numbers (Zadeh,
1975). Please be aware that our approach differs, being built on scalar truth-values rather
than vector truth-values.



,PSOLFDWLRQ

The rule Li wkh ohyho lv orz> wkhq rshq Y4 is called an LPSOLFDWLRQ, because the value of
ohyho implies the value of Y4 in the controller. It is uncommon, however, to use the Gödel
implication (9) in fuzzy controllers. Another implication, called 0DPGDQL LPSOLFDWLRQ, is
often used.
'HILQLWLRQ  0DPGDQL LPSOLFDWLRQ

0DPGDQL  /HW D DQG E EH WZR IX]]\ VHWV
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QRW QHFHVVDULO\ RQ WKH VDPH XQLYHUVH 7KH 0DPGDQL LPSOLFDWLRQ LV GHILQHG
D , E  D  =PLQ E

(12)

ZKHUH =PLQ LV WKH RXWHU SURGXFW DSSO\LQJ PLQ WR HDFK HOHPHQW RI WKH FDUWHVLDQ SURGXFW RI
D DQG E
Let D be represented by a column vector and E by a row vector, then their RXWHU PLQ
SURGXFW may be found as a ’multiplication table’,
=PLQ

e4

e5



ep

d4

dq

d4 a e4

dq a e4

d4 a e5

dq a e5





d4 a ep

dq a ep

(13)

([DPSOH  RXWHU SURGXFW 7DNH WKH LPSOLFDWLRQ Li wkh ohyho lv orz/ wkhq rshq Y4 
ZLWK ORZ DQG RSHQ GHILQHG DV
ORZ
RSHQ

@ +4> 3=:8> 3=8> 3=58> 3,
@ +3> 3=8> 4,

7KH LPSOLFDWLRQ LV WKHQ UHSUHVHQWHG E\ WKH VFKHPH
=PLQ

3

3=8

4

4
3=:8
3=8
3=58
3
ohyho

3
3
3
3
3

3=8
3=8
3=8
3=58
3

4
3=:8
3=8
3=58
3

Y4

7KLV LV D YHU\ LPSRUWDQW ZD\ WR FRQVWUXFW DQ LPSOLFDWLRQ WDEOH IURP D UXOH
The outer PLQ product (Mamdani, 1977) as well as the outer product with PLQ replaced by * for multiplication (Holmblad & Østergaard, 1982), is the basis for most fuzzy
controllers; therefore the following chapters will use that. However, Zadeh and other researchers have proposed many other theoretical definitions (e.g., Zadeh, 1973; Wenstøp,
1980; Mizumoto, Fukami & Tanaka, 1979; Fukami, Mizumoto & Tanaka, 1980; see also
the survey by Lee, 1990).



,QIHUHQFH

In order to draw conclusions from a rule base we need a mechanism that can produce an
output from a collection of LIWKHQ rules. This is done using the FRPSRVLWLRQDO UXOH RI
LQIHUHQFH (CROI). The verb WR LQIHU means to conclude from evidence, deduce, or to have
as a logical consequence – do not confuse ’inference’ with ’inWHU ference’. To understand
the concept, it is useful to think of a function | @ i +{,, where i is a given function, { is
the independent variable, and | the result; a value |3 is inferred from {3 given i.
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The famous rule of inference PRGXV SRQHQV,
d a +d , e, , e

(14)

can be stated as follows: If it is known that a statement d , e is true, and also that d is
true, then we can infer that e is true. Fuzzy logic generalises this into JHQHUDOLVHG PRGXV
SRQHQV (GMP):
(15)
d3 a +d , e, , e3
3
Notice that fuzzy logic allows d and e3 to be slightly different in some sense from d and e,
for example after applying modifiers. The GMP is closely related to forward chaining, i.e.,
reasoning in a forward direction in a rule base containing chains of rules. This is particularly
useful in the fuzzy controller. The GMP inference is based on the compositional rule of
inference.
([DPSOH  *03
DQG DQ LQSXW YHFWRU

*LYHQ WKH UHODWLRQ 5 @ ORZ =PLQ RSHQ IURP WKH SUHYLRXV H[DPSOH
OHYHO @ +3=:8> 4> 3=:8> 3=8> 3=58,>

WKHQ
Y4

@ OHYHO b = a 5

@

3=:8

@

3

3=8

4

(16)

3=:8

3=8

3
3
3=58 b = a 3
3
3

3=8
3=8
3=8
3=58
3

3=:8

4
3=:8
3=8
3=58
3

(17)

(18)

2EYLRXVO\ WKH LQSXW OHYHO LV D IX]]\ VHW UHSUHVHQWLQJ D OHYHO VRPHZKDW KLJKHU WKDQ ORZ 7KH
UHVXOW DIWHU LQIHUHQFH LV D YHFWRU Y4 VOLJKWO\ OHVV WKDQ µµRSHQ¶¶ ,QFLGHQWDOO\ LI ZH WU\ SXWWLQJ
OHYHO @ ORZ ZH ZRXOG H[SHFW WR JHW D YHFWRU Y4 HTXDO WR RSHQ DIWHU FRPSRVLWLRQ ZLWK 5
7KLV LV LQGHHG VR EXW WKH FRQILUPDWLRQ LV OHIW DV DQ H[HUFLVH IRU WKH VWXGHQW



6HYHUDO 5XOHV

A rule base usually contains several rules, how do we combine them? Returning to the
simple rule base
Li wkh ohyho lv orz wkhq rshq Y4
Li wkh ohyho lv kljk wkhq forvh Y4

(19)

We implicitly assume a logical RU between rules, such that the rule base is read as U4 b U5 ,
where U4 is the first, and U5 the second rule. The rules are equivalent to implication
matrices 54 and 55 , therefore the total rule base is the logical RU of the two tables, item by
item. In general terms, we have
b
5@
5l
Inference can then be performed on 5=
18

In case there are q inputs, that is, if each LI -side contains q variables, the relation matrix
5 generalises to an q . 4 dimensional array. Let Hl +l @ 4> = = = > q, be the inputs, then
inference is carried out by a generalised composition,
X @ +H4  H5  = = =  Hq , b = a 5
Inference is still the usual composition operation; we just have to keep track of the dimensions.



6XPPDU\

We have achieved a method of representing and executing a rule Li wkh ohyho lv orz wkhq rshq Y4
in a computer program. In summary:
1. Define fuzzy sets ORZ and RSHQ corresponding to a low level and an open valve; these
can be defined on different universes.
2. Represent the implication as a relation 5 by means of the outer product, 5 @ ORZ =PLQ
RSHQ. The result is a matrix.
3. Perform the inference with an actual measurement. In the most general case this measurement is a fuzzy set, say, the vector OHYHO. The control action Y4 is obtained by means
of the compositional rule of inference, Y4 @ OHYHO b=a 5.
Fuzzy controllers are implemented in a more specialised way, but they were originally
developed from the concepts and definitions presented above, especially inference and implication.
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